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STRICTLY CONVEX ENTROPY AND ENTROPY STABLE
SCHEMES FOR REACTIVE EULER EQUATIONS

WEIFENG ZHAO

ABSTRACT. This paper presents entropy analysis and entropy stable (ES) fi-
nite difference schemes for the reactive Euler equations with chemical reactions.
For such equations we point out that the thermodynamic entropy is no longer
strictly convex. To address this issue, we propose a strictly convex entropy
function by adding an extra term to the thermodynamic entropy. Thanks to
the strict convexity of the proposed entropy, the Roe-type dissipation oper-
ator in terms of the entropy variables can be formulated. Furthermore, we
construct two sets of second-order entropy preserving (EP) numerical fluxes
for the reactive Euler equations. Based on the EP fluxes and the Roe-type
dissipation operators, high-order EP/ES fluxes are derived. Numerical exper-
iments validate the designed accuracy and good performance of our schemes
for smooth and discontinuous initial value problems. The entropy decrease of
ES schemes is verified as well.

1. INTRODUCTION

This paper is concerned with the reactive Euler equations describing inviscid
compressible flow with chemical reactions, which are fundamental for modeling
detonations. In one dimension (1D), these equations read as [9,[12)

p pu 0
2
pu pu”+p 0
(1.1) Ot + 0y = ,
pE pEu + pu 0
oY puY w

where p is the fluid density, u is the velocity, p is the pressure, E is the total
energy and Y is the reactant mass fraction. The source term is assumed to be in
an Arrhenius form }

w = —f(pYe_T/T,
where T' = p/p is the temperature, T > 0is the activation constant temperature and
K > 0is a constant rate coefficient. The equation of state is pE = %puz—l— % +qpY
with ¢ > 0 the heat release of reaction and ~ the specific heat ratio.

Generally, for N chemical species there should be N species conservation equa-
tions for Y;, i = 1, 2, ..., N, with Y; being the mass fraction of species i. The
above reactive Euler equations (LT are a simplified form under the assumption
that there are only two species present, reacted and unreacted species, and that
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the unreacted species is converted to reacted species by a one-step irreversible
chemical reaction [I0L12]. Though relatively simple in form, (1)) can give compli-
cated stable and unstable wave patterns, which have been observed in experiments
[,I0]. Due to the practical importance, the reactive Euler equations have been
widely investigated both theoretically and numerically in the past decades; see e.g.
[4117,[9L 10131201211 33].

Eqgs. (L) are a system of hyperbolic balance laws and degenerate to the Euler
equations when Y = 0. For these equations as hyperbolic systems, it is well known
that entropy conditions are necessary to determine the correct weak solution across
a shock. Then it is natural for corresponding numerical schemes to satisfy a dis-
crete version of the entropy condition in computations. Actually, such schemes for
hyperbolic conservation laws have been well developed since the pioneer work of
Osher and Tadmor [26,27,31,32]. In particular, Tadmor [31] proposed a frame-
work to construct second-order entropy conservative (EC) fluxes, which are locally
consistent with the given entropy conservation. Furthermore, entropy stable (ES)
fluxes are obtained by adding dissipation operators to the EC fluxes [3I]. Using
these fluxes as building blocks, high-order EC/ES schemes are designed in [25] and
[I7]. Though the framework in [3I] is quite general, some additional efforts are
needed to obtain explicit expressions of the EC fluxes. This issue is addressed in
[221128] for the compressible Euler equations by choosing a suitable set of algebraic
variables. Following the procedure of [22/28], EC fluxes are derived for the shal-
low water equations [15], magnetohydrodynamic systems [6L34,35] and relativistic
hydrodynamics [11]. Moreover, numerical fluxes that are both EC and kinetic-
energy preserving (KEP) are proposed in [5] for the Euler equations. Except for
those based on the framework in [31], ES schemes have also been developed via the
summation-by-parts property; see e.g. [8,14}[18,19].

In this paper, we aim to construct ES finite difference schemes for the reactive
Euler equations in both one- and two-dimensions on a Cartesian mesh. First,
we point out that the thermodynamic entropy is no longer strictly convex for the
reactive Euler equations. To address this issue, we propose a strictly convex entropy
function by adding an extra term pY? to the thermodynamic entropy. As a result, a
new entropy-entropy flux pair is obtained for the reactive Euler equations. Thanks
to the strict convexity of the proposed entropy, the Roe-type dissipation operator
in terms of the entropy variables can be formulated [28]. Note that such dissipation
operators are not available based on the thermodynamic entropy, as it is not strictly
convex. Additionally, for the reactive Euler equations as hyperbolic balance laws,
the strict convexity of entropy function is crucial for the global existence of solution
[36]. The present strictly convex entropy may be helpful for the theoretical analysis
of the reactive Euler equations.

Furthermore, we construct two sets of second-order entropy preserving (EP)
fluxes by extending those in [5L28] for the Euler equations within the framework of
[31]. Here we use EP instead of EC due to the source term in the entropy equation.
In particular, the EP fluxes extended from [5] are also KEP. With the EP fluxes and
the above Roe-type dissipation operators, high-order EP/ES fluxes are derived fol-
lowing [I7.25], where the sign-preserving ENO [I6] and WENO [3] reconstructions
are employed for high-order dissipation operators. Numerical experiments in 1D
and 2D not only validate the designed accuracy of our schemes but also demonstrate
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their good performance for problems with discontinuities. The entropy decrease of
ES schemes is verified as well.

The rest of the paper is organized as follows. In Section [2] we present a strictly
convex entropy for the reactive Euler equations. In Section[3] we derive ES schemes
in 1D and extensions to 2D are given in Sectiondl Section[Blprovides some numerical
experiments to validate our schemes. Finally, some conclusions and remarks are
given in Section [Gl

2. STRICTLY CONVEX ENTROPY FOR REACTIVE EULER EQUATIONS

2.1. 1D case. The 1D reactive Euler equations (L)) can be written as

(2.1) U + 0, F(U) = QU),
where
P pu 0
2
pU pu‘ +p 0
U= F(U) = Q) =
pE pEu+ pu 0
pY puY w
Let s =In(p) — vIn(p) be the thermodynamic entropy and define
. —ps -~ —pus
2.2 = =
(2.2) = T

which are the classical entropy and entropy flux for the Euler equations, respectively.
It is direct to verify for the reactive Euler equations (1)) that

(2.3) Oy + Opp = ng <0,

which implies that (7, $) may be an entropy-entropy flux pair for (ZI)). However,
for ([ZI)) 7 is no longer strictly convex. To see this, we compute

y=s _ pu?

o 'y—lﬂ 2p
AT
p
L
qp

Note that the third and fourth entries of 7y are proportional. Then the third and
fourth rows of the Hessian matrix #jyy are proportional and thus 7y is singular.
This indicates that 7 is not strictly convex.

To address the above problem, we propose the following entropy-entropy flux
pair
(2.4) n=0+pY?, ¢=d+puy?
by adding pY? and puY? to A and b, respectively. It follows from the first and
fourth equations of ([ZI)) that

Ot(pY?) + 04 (puY?) = 2Yw < 0.

With this and (23]), we have
(2.5) B+ Opd = (q§ +2Y)w < 0.
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On the other hand, the corresponding entropy variable of 7 is

"/—S___YQ

(2.6) Vi=ny = P

and the Hessian matrix is given by

2 2 w2
Vl,,+(vfl)”“ +285 —(v -8y —L+ (- D8y ap - (v - ey - 27

¥ 2p2 P P
Ly 1y eud 1 pu (v — 1) 2% ~1)qLu
97 (=153 + =15 (r=1 3 (v=1Da 3
(2.7) now - 1 )
1 — pu_ — — =iy — P — — P
» T =D (=173 (=13 (r=Das
2
1 _ _ pu= oY _ pu — _ P _ 2 p 2
1y — (v =Daf s — 25 (v =Da’s (v=Daz (r=1a" S5+

The positive definiteness of the above matrix is proved as follows. Additionally,
the entropy potential of the entropy-entropy flux pair (n,¢) can be computed as
Y := VTF — ¢ = pu, which is the same as that for the Euler equations. Here the
superscript 7" stands for the transpose operator.

Theorem 2.1. The Hessian matric nyy in (ZX0) is positive definite. Namely, the
entropy function n in (Z4) s strictly conve.

Proof. We prove this by showing that all the leading principal minors of nyy are
positive. Note that the leading principle 3 x 3 submatrix of nyy is actually Ag :=

AEuler +diag(2y72, 0,0), where Agyler is the Hessian matrix of the classical entropy 7
for the FEuler equations and thereby is positive definite. Then Az is positive definite
and the first three leading principal minors of 7y are positive. Next we only need

to show that the fourth leading principal minor, i.e., the determinant of 7y, is
positive. To do this, we compute

2
Tl -8y 428 (- DEG 14y - 12 gl — vy - 2%
*(W*l)m ;‘F(’Y*l)? *("/*UPT (W*l)q?
Invul = 5
—rt(r-ngy —(v=1ky (-1 —(v=Dafy
L 2
q—f('yfl)qug (y-Daky —(v=Dafy (-
v _ pu. y2 oy pud 1 oy peu? 1 pu27 Y
Fip (- DEy + 28 (=152 » tO =D ay — (v = 1)q% 25
2
—(y—-1 1 —1)LY —(y —1)L% -1
N (v )ﬁp » PO =D (r=1%% (v - Va3
2
1 u U
—1 —1)8u; —(y—1)2% -1 —(y = 1a%
pt (=15 (r=D5 (v=15 (v =Day
_oY 0 0 2
P P
4 2 w3 2 2
v 1 — pu_ Y< — _ pu _1 — pu_ 1i_ — pu” oY
st (- Do +25 (=152 p T =5y a9y —(r=Dagy —25
3 2
— — pu_ 1 — pu_ — — pu — pu
_ (v=153 T (=D (r=173 (v =Da’3
2
_1 _ puU _ _ pu _ P _ _ P
» T =D (=% (=13 (r=Daz
oY 0 0 2
P I3
pu’ 1 pu? 1 pu Y
*(’Y*UW *EJF('Y*UW a; — (771)(1772[’
Y| 5 +2|A‘
=2— 1 — 1)Ly (v —1)2% — 1)gLY% —[As].
| T =3 (r=173 (v )qu -
C(~y — 1) 2% _ 1)L (v — 1)g-L
(=% =1 (r=Daz
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Furthermore, we have

u2
. ~(y-18%  —li(-1)8% ¢l - (y-1)efs —2%
u2 U
251 s+ -D5 -0 -DE (v = D%
-(r-1)5% (v-1f& (v =1
3 2 2
—0 - T O-DEE 4 -0 - Dag
Y >
=2 st 0D~ -DE (7 - 1)
—(v-1)& (=D —(v=1Daz=
7J,3 Y
“(-DgE i+ (-DgE -2k
u2 U
T s+ -DE —( - D 0
-1 (=D& 0
’U.2
:_4Y_2 %—'—(7 D —( _1)%’
2 u
Al a-nE -1
and
2
R L i R R
2
|A3|— |AEuler|+p 0 _+(7 1)Pp_ _(7_1)2_1;
N R Y
v2| L4 -12 (-1

|AEulcr | + 4_

-y-DE& (-DE

Combining the above equations, we arrive at [nyy| = %\AEuler\ > 0. Therefore, all
the leading principal minors of 7y are positive and nyy is positive definite. O

Remark 2.2. Tt will be seen in the next section that the strict convexity of the
entropy function is crucial for constructing entropy stable schemes. More specifi-
cally, it will be used to formulate the Roe-type dissipation operator in terms of the
entropy variables [28], which is not available if the entropy is not strictly convex.

Remark 2.3. According to the above analysis, for any ¢ > 0, 7 + £pY? is also a
strictly convex entropy and the corresponding entropy flux is b+ louY?.

Remark 2.4. Tt is direct to verify that U is orthogonal to the fourth column of
nuy. Then it follows that UTnyyQu = (0,0,0,0) and thereby U nyyQuU = 0.
This relation may be helpful in the mathematical analysis of the reactive Euler
equations.

2.2. 2D case. The above entropy analysis can be directly extended to the 2D
reactive Euler equations

(2.8) U + 0, F(U) + 0,G(U) = Q(U),
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where

U = (p, pu, pv, pE, pY)",

F(U) = (pu, pu® + p, puv, (pE + p)u, puY)",

G(U) = (pv, puv, pv* + p, (pE + p)v, pvY) ",

Q(U) = (0’ Oa 07 07 w)
and pE = Lp(u?® +v?) + % + ¢pY . Similar to the 1D case, n = /) + pY2, instead
of the classical entropy function 7 = V_—ps is a strictly convex entropy function for

1>
[23). The corresponding entropy fluxes are

(2.9) b1 = b1+ puY? gy = by + po¥?,

where ¢; = ;p_ “f,qgg = —2% are the classical entropy flux pair for the 2D Euler
equations. It is direct to verify that

(2.10) O + Dutor + Dypo = <q§ +2Y)w < 0

and the entropy variables are

% _ p(U;:vz) _y?
puU
P
(2.11) Vi=ny = o
_P
P
L
as +2Y
The Hessian matrix of n is given by
(2.12)
u?402)? 2 u?40v?)u u?+v?)v
Tyt (= DI 4200 (- 1) (- 1) R
240? u? uv
—(y — 1) Li(y-12% (v—1)2%
U2 ’U2 v uUv 'U2
= —(y - 1)l (=D& (-5
u2 'U2
—3 (- DA O L I CR V-
2+o? u v
gL — (v —1)g2lt) — 2% (v = 1)q% (v - 1)a%
u2 ’U2 ’LL2 ’U2
Ly ) gl (y —q)qelete) oY
—(v=1)% (v — gtz
(v 15 (v —Dabz ;
(v-1f& —(v =gz
—(v=1)a% (v -1’5 + 2

which can be straightforwardly proved to be strictly convex as Theorem 2.1l The
entropy potentials can be computed as 1) := VI F—¢; = puand s := VIG—¢y =

pu.
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ENTROPY STABLE SCHEMES FOR REACTIVE EULER EQUATIONS 741

3. ENTROPY STABLE SCHEMES IN 1D

Based on the strictly convex entropy above, in this section we construct second-
and high-order finite difference entropy stable schemes within the framework of [31].
Here we consider 1D reactive Euler equations and the 2D case will be discussed in
the next section.

We employ a uniform Cartesian mesh {z;} with mesh size Az = z;1; — z; and
the point values are denoted as U;. Set Tiy1/2 = %(.’L‘i+1 + z;) and partition the
domain into intervals I; = [x;_1 /2, Z;41/2]. A conservative finite difference method
updating point values of the solution U for (2.1]) has the form

d 1
Vi) = =17 Fiay2(t) = Fiya(t)) + QUi(1)),
where F; /5 is the numerical flux at the interface ;2.
Following [31], the scheme (B1) is said to be entropy preservind] if it satisfies a
discrete entropy equality

d 1 - ~
(3:2) EU(Ui(t)) = _B(¢i+l/2 = ¢i—1/2) + o (Ui(1))Q(Ui(t))
for some numerical entropy flux ng_l /2 consistent with ¢. Denote by V' := dyn the

entropy variable and by ¥(U) := V(U)T F(U) — ¢(U) the entropy potential. With
notations

(3.1)

1
laliti/2 = aiv1 —as, {aliy2 = §(ai+1 +a;),
we have [31]

Theorem 3.1. Assume that a consistent numerical flux Fi+1/2 satisfies
(3.3) V1T oF 12 = Wiy

Then the scheme with numerical flux ]?‘Hl/g is second-order accurate and entropy
preserving with the entropy fluz given by

(3.4) biv12 = LV P oFisre — {2

Based on the entropy preserving numerical flux, an entropy stable scheme is built
by adding appropriate dissipation terms as follows [31].

Theorem 3.2. If the numerical flux of the scheme [BJ)) is defined as

1
(3.5) Fitip=Fit12— §Di+1/2[[Vﬂi+1/2,

where Fi+1/2 satisfies the entropy preserving condition [B.3) and D;41 /2 is a semi-
positive definite matriz, then the scheme [BI)) is first-order accurate and satisfies

(3.6)

d 1 - N
EW(Ui(t)) + A_x(¢i+1/2 — di—1/2)

1
= —m(ﬂvﬂf+1/2Di+1/2[[V]]z'+1/2 + VI 1/2Di1/2lV]io1/2) +nu (Us(1))Q(Ui(1))
< 1o (Ui(1)QUi(t)) < 0.
1Here we use “entropy preserving” instead of “entropy conservative” due to the source term

in (Z3) or (32).
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Here

(3.7) bivijo = Pir1)2 — {{V}}1+1/2 iv1/2[VI0iv1/2

and qgi_H/Q is the entropy flux associated with Fi+1/2 in (B4).

3.1. Two-point entropy preserving flux. In the following we derive two-point
entropy preserving flux FlH/Q = F(Ui(t), Ui41(t)) that satisfies condition B3). To
simplify notations, we drop the subscript ¢ + 1/2 and write ([B.3)) as

(3.8) [VI"F = [v].

Following [221[28], we introduce the logarithmic average

In [[a]]
Hell™ = gy

and have the identities

[ab] = [a]{{b}} + [B]{{a}}, [In(a)] = [a]/{{a}}™
With these, we construct two sets of entropy preserving flux by extending those in
[5L[28] for the Euler equations. ) S
Let V = (VL V2 V3 VHT and F = (F!,F2 F3 F*)T. Define a set of algebraic
variables [22,[28]

ol 1
22 u
p
(3.9) r p

p
4 p
z Y\/:

Following the procedure in [22]28], we write each jump term in ([B8)) in terms of
jumps of the algebraic variables:

17 ”Y—S_P_UQ_ 2
R
y—I(3)+yIn(z'2%) 1
- — 5 = (7]
= T (] + I - G114
B

v — 1 {{zl}}ln + {{Z?’}}ln - {{Z }}[[Z ]]_ 2{{2 }}[[Z Hv
[v?] = u%“ﬂ = ['2%] = €= B =T + (€= B,
[v®] = u—gﬂ = [~ ()] = —2(=" B[],
V4] = qu +2Y] = [~q()? +22Y] = —2¢{{=" P [="] + 2[="],

[v] = [*2°] = {="BI"] + {=* BI=°,
where the identities above have been used. Substituting these expressions into (B3.8))
and matching the coefficients of [2!],1 = 1,2, 3,4, we obtain a set of linear equations
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with respect to Fl,l =1,2,3,4:
Yl & 2NF2 _ 9f I NES SN —
o {{Zi}}lnF + {{~z BE® = 2{z JF° — 2¢{{z" }F" =0,
—{ZHF + {20 F? = ({2},
L o= 2
WP ={="},
—2{APF! +2F* = 0.

Then F! can be solved out as
F' = {20,
= {2
SRR
=3 1y +1 1
C 2y = T{{ R

= ((*F"

(3.10)
1{=*}
2{{='}

F!+

F? + qf‘4,

It is easy to see that this set of numerical flux, satisfying the entropy preserving
condition (3], is consistent with F(U) in (ZI). When F* = 0, F,I = 1,2,3
degenerate to those for the Euler equations in [22]28].

Next we construct another set of entropy preserving flux by defining the algebraic
variables as [5]

z p

22 U

(3.11) z= r = .
p

24 Y

With the same procedure above, we use these algebraic variables to derive the
following entropy preserving flux:

F'= {2,

e
S TE

+ {2,

(3.12)

53 1 1 422 51 L2NF2 fd4
F = ((7_1){{23}}11“ 5 )}})F + {z"HF° + ¢F",

= ()

When F* = 0, Fl,l = 1,2,3 degenerate to those for the Euler equations in [5].
Except for the preserving of entropy, an additional property of this set of flux is
that it is kinetic-energy preserving (KEP) in the sense of Jameson [23], which is
useful in turbulent flow simulations [30]. Specifically, note that the momentum flux

F2 can be written as F2 = p + {{u}}F', where p := %z;% is a consistent pressure
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average. With this, we have

[ 1 ,dp; “d(pu);
ZA ZA:E Uiy +u;

M1 . . -

= Z Az 5 ?(Fz+1/2 - lefl/Q) - ui(F22+1/2 - F?I/Q):|
1
12

:ZA:E

= Z Ax(uiﬂ — Ui)ﬁi+1/23

(u; ;- U12+1)Fi+1/2 = (ui — Ui+1)f“?+1/2}

which is consistent with the kinetic energy equation f 2pu2dx =/ pa“ drx. In
this sense, the flux (BI2) is KEP.

3.2. Dissipation matrix. Although Theorem 3221 holds for any semi-positive def-
inite D;41/2, a popular choice is to recast Roe’s dissipation term R|A|R™[U] to
D[V] in terms of the entropy variable, where R is the matrix of eigenvectors of the
flux Jacobian Oy F' and |A| = diag(|]A1], |Az2l, - .., |[Aar]) with A; the eigenvalues of
Oy F.

Denote A = JyF and note that nyyA is symmetric as 7 is strictly convex.
Assume that we have already obtained a complete set of (row) eigenvectors L such
that A = L~YAL, where A = diag(A1, Ag, ..., Apr) and \; are the eigenvalues of A.
Thanks to the strict convexity of the entropy, i.e., nyy is positive definite, there
exists a symmetric block diagonal matrix G that block scales the eigenvectors L in
such a manner that (see Barth’s eigenscaling theorem in [2])

A = (GL)'A(GL), nuu = (6L)7(6L).

The dimensions of the blocks of G correspond to the multiplicities of the eigenvalues

Aqi. It follows from the above equation that G=(L" TnUUL 1)z, which can be easily

obtained without directly computing nUU since G2 = L~ TnUUL ! is block diagonal.
With the above L and G, we define R = (GL)™! = L~'G~! and then

(3.13) A=RAR™!, nyy =R TR7L
Thus we have
RIA|R™'AU = R|A|R 'n,5dV = R|A|RTdV
and Roe’s dissipation term in terms of the entropy variable is
D[V], D =R|A|RT.

If |A| is replaced by max{|A1], [Az], ..., [Aam]|}! with | the unit matrix, then we
obtain the Rusanov-type dissipation term

DIV], D =max{[\l[Xel,.... [\ [}RRT = max{| X[, ol .., Pacl gy

The key step of constructing the above dissipation terms is to compute the
eigenvector matrix R satisfying (BI3). In the following we derive such R for the

reactive Euler equations (21I). Let H = E 4+ % =124 1y?4qY and c = /7%,

y=1p
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The flux Jacobian A = dyF of the reactive Euler equations (2.1) can be computed
as

0 1 0 0
A T B=Yu =1 —(y—1)q
3 —Hu H—(y—1Du? ~yu  —(y—1qu |’
—uY Y 0 u

the eigenvalues of which are u,u,u + ¢ and u — ¢. Based on the widely used eigen-
system (see e.g. [24]) for the Euler equations, we obtain the following left and right
eigenvectors of A:

2 — —
1—- A/Tllc% (FY - 1)0% _7021 quc21
142 _ _
: STRY (v -DEY 1Y 140
I e R _yztw o 1 =l _g2=L ’
4 2 2c 2 2 2c 2¢2 452
3.14 —142 | 1 -1 1 -1 —1
(3.14) Te Tt TreTw e e
1 0 1 1
Re[!— v 0 wu+c u—c
- | 2w ¢ H+ue H—wuc |’
0 1 Y Y

which satisfy LAR = diag(u, u,u + c,u — ¢). It

2y 2y

3 3

G? = L TyyyL~"t = diag(C

9Y? oY
7), C_< —’;, P 57

is direct to compute that

v 1
y—1p

p p

) |

The 2 x 2 matrix C can be diagonalized as C = Mdiag(¢1, (2)MT, where (1, =

3v—2
2y—2

2y

1 1 3v—2
4yl (B 4y -2

Cip—2

and M is a unitary matrix given by

G2p—2

M =

C1p—2)%+4Y2 Cap—2)2+4Y2
Vg VD

V(Cip—2)24+4Y2  \/(C2p—2)2+4Y2

Then we have

1 1
C 2= ( g1 92 ) = Mdiag(—=, ——=)M”
92 93 G VG
and
" - JE JE
R—RG-1 — ug1 ugs (utc)y/ &5 (u— c)\/g —

sy NMuu = s

3u’gi +ag92  3ulga+ags  (H+ue)\ /& (H—uc) /&

g2 g3 Y./ % Y./ &

with which the dissipation matrix D and the dissipation term can be computed.

3.3. High-order entropy stable schemes. The semi-discrete entropy preserv-
ing scheme with the two-point flux Fiﬂ /2 is only second-order accurate, while the
entropy stable scheme with flux E_H /2 is only first-order accurate due to the dis-
sipation term. In this subsection high-order entropy preserving/stable fluxes are
constructed based on the two-point fluxes following [16,25].
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3.3.1. High-order entropy preserving fluxz. The high-order entropy preserving flux
is defined as a linear combination of two-point fluxes [25]:

(3.15) z+1/2_zakTZF i—s Ui s+r)

with constants ay , satisfying

k k
(3.16) oroag, =1, Y r¥lag, =0, s=2,.. .k
r=1 r=1
For example, the fourth- and sixth-order fluxes are

_ 1 - _
Fiiip= —F(Ui, Uit1) = g(F(Ui-1, Uis1) + F(U;, Uis2)),

3 - 3 - -
F) i = ¥ Ui Uir1) = 15 (FUim1, Uis1) + F(Us, Uiy2))

10
1

+ %(F(Ui—% Uit1) + F(Uio1, Uiga) + F(Us, Uiys)).

It is direst to see the consistence of the flux ([BIH) by using the first condition in
BI4). Additionally, under the conditions (3I0]), the scheme with flux (BI0]) has
2k-th order accuracy [25].

We show the entropy preserving property by computing

k
ok ok - -
ViT(Ff+1/2 - F?—I/Z) = Z ak,rViT(F(Uia Uitr) = F(Ui—r,Us))

r=1
' Vit Vier  Vigr =Vi\" 2 Vit Vier | Vi= Vi \7 -
= ok, - FUi,Uitr) — + F(Ui-r,Ui)
— 2 2 2 2
Vit Vigr = 1 Vit Vier = 1
= apnr [% “F(Us, Uigr) — 5[[’¢]]i+r,i I — FUi—r,U;) — Eﬂwﬂi,i#}
r=1
k
Vi + Vier - Vit Vi,
= > on [(FEE F WLV @B ) — (P RO ) - B )]
r=1

Thus the discrete entropy flux is

Vit Vigr
(3.17) ¢z+1/2 Zak r (TJF

r=1

(U Uisr) — {{w}}m,i)

and the scheme is entropy preserving with the discrete entropy equality given by

EnUi(0) = 3= (B3 — 521 72) + o (UD)QUU).

3.3.2. High-order entropy stable flur. With the high-order entropy preserving flux
above, we follow [16] to construct high-order entropy stable fluxes by adding high-
order dissipation terms based on ENO and WENO reconstructions. The high-order
entropy stable flux based on ENO is defined as [16]

R _ 1
(318) Fi+1/2 = F?fl/? - §Ri+1/2|Ai+1/2‘ << w >>ZE:‘FJ\{/02

with Ffjlm the 2k-th order entropy preserving flux in B.I5) and < w >>£r]\17/02::
are the right and left limiting values of

Here w and w;

+ —_
Wit1/2 ~ Wit1/2: i+1/2
the scaled entropy variables w := R”,

i+1/2

i1 /2V at the interface ;4 /2, respectively, and
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they are obtained by 2k-th order ENO reconstruction. It is shown in [I7] that the
ENO reconstruction satisfies the sign property

(3.19) sign(< w >>5r1\1[?2) = sign([w]it1/2)-

With this, the entropy stable property of the ENO based flux (8I8) can be shown
by computing
VI(F z+1/2 - Fi—1/2)
=V (¥} +1/2 F?Z/z)
ENO

- §Vi Rit1/2l0Ai1)2] <w >>£r]\1,% + V-T Ric1jolAic1ye] <w>"37

~ i 1
= ¢?-Ii1/2 - %251/2 - 5({{V}}i+1/2 - 5[[Vﬂi+1/2) Ri12|Nig1yel < w >>£r1\1[/02

1 1
_({{V}}i—1/2 + —[[V]]i+1/2) 17210 1)0] < w >PNG,

= ( it1/2 ~ {{V}}z+1/sz‘+1/2\Ai+1/2| <w >>£L1\1[/Oz)

—( 5= VI oFicaabhica o] < 530

+ 1 ([[VHiT+1/2Ri+1/2\Ai+1/2| <w >>£+1\1]?2

HIVE L pRi1/alAicr o] < w >>f—1\1[/02)

- - 1
= $ENG, = NG + 7 (Il ol ol < w0 SENG,

ol jalimagol < 0 >ENG),
where
N ~ 1
e = bty — 5{{V}}iT+1/2Ri+1/2|Ai+1/2| <w >IN0 .

Thus we arrive at

dn(Us) | O — 9
dt Ax
1
= T iAr ([[ ]]1+1/2|AZ+1/2| <w >>Er]\1[;)2 +HWH 1/2|Az 12| € w >>?J\1[/02)

+ VI QUi())
< Vi'QUi(t)) <0,
Where —ﬁ ([[WH;+1/2‘A1'+1/2| <L w >>ZE+]\1]/02 +[[UJ]] 1/2‘/\1 1/2| < w >>,LEJ\1[§)2) S 0
thanks to the sign property ([BI9). This indicates that the flux (BI8) guarantees
the entropy stable property.
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748 WEIFENG ZHAO

The WENO based high-order entropy stable flux is defined as [3]

. _ 1
(320) Fi+1/2 = F?]:il/2 - §Ri+1/2|Ai+1/2| <w >>K/Ff;/1\2[07

where the [-th component of the <« w >>K]15/]\2[O is given by

WENO -
w00 = 0@l = W)
(3.21) 0 _[L (Wis1y2 = Wiira ) williviyz > 0,
Lit1/2 0, otherwise.

Here w;;. +1/2 and Wi /2 denote, respectively, the right and left limiting values of
w; at the interface x;;1/o by using the (2k — 1)-th order WENO reconstruction.
Though the standard WENO reconstruction may not satisfy the sign property, the
switch operator 6y ;1 1/, ensures that

(3.22) sign(< w >>X‘;f11\;20) = sign([w]ii41/2)-

With this relation, the entropy stable property can be proved in the same way as
for the ENO based flux.

4. ENTROPY STABLE SCHEMES IN 2D

In this section, we construct entropy preserving/stable schemes for the 2D reac-
tive Euler equations (Z8]). The construction is similar to the 1D case and the key is
to derive the two-point entropy preserving flux and the matrix R in the dissipation
term.

4.1. Two-point entropy preserving flux. As for the 1D case, here we propose
two sets of entropy preserving fluxes satisfying

(4.1) [[VﬂiT+1/2,sz'+1/2,j = [rlivrj2g, VI i1/0Gigr1/2 = [Walije/e,

where Fi+1/2’j and éi’]‘+1/2 are numerical fluxes consistent with F(U) and G(U),
respectively. Define algebraic variables

21 1
22 U
P
4.2 z= 23 =,/= v
(4.2) )
2% P
45
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ENTROPY STABLE SCHEMES FOR REACTIVE EULER EQUATIONS 749

By writing each jump term in (@J]) in terms of jumps of the algebraic variables and
matching the coefficients, we obtain

(4.3)
Pl g2 . ANIn
i+1/2,5 = & }}z+1/2,g {= }}i+1/2,j’
B2 _ {{24}}i+1/2,j n {{22}}i+1/2,j P!

VRS a2y G Wiy TR

. {{23}}i+1/2 i =1

F3 o 5] F i
i+1/2,5 {{21}}i+1/2)j i+1/2,5
- Cly+1 1 - L= is1/24 o

F S F! 4= 2 ,
2Ty L B G By 2 g

1{z Bit1/2 28 5
- F ; + qF; i
2 {z Bis1/2 i+1/2,j i+1/2,

5
~ VA ~

F?+1/2,j = {{Z_l}}i+1/2,szl+1/27ja
é},jﬂ/z = {{23}}z‘,j+1/2{{24}}§r,lj+1/27

2
~2 _ {2 P2 20
Gz = {2 Gigri
a3 _ {{24}}i,j+1/2 I {{23}}i,j+1/2 AL
2T e Y
G Iy +1 1
BEZ T 2y -1 R TRERYEN L EL) o s
LHZ3 Y0412

AP T (E)

1 {2 P a2
2{{z" Wi jr1/2 ARG

Gij-i-l/z +
Gij+1/2 + qG?,jH/z,

=5 25 1

Gl = {{Z_l}}i,j+1/2Gi7j+1/2.

On the other hand, if the algebraic variables are taken as

z p
22 u
(4.4) 2= 2 | = v [,
24 £
p
2° Y
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750 WEIFENG ZHAO

then the corresponding entropy preserving flux can be derived as

z+1/2,_] {{Z }}1+1/2,]{{Z }}z+1/2,37

- {{Zl}}i+1/2 j 9 ~1
F? e Y SF! N
+1/2,5 = {{24}}i+1/2’j { }}z+1/2,y 11/2,5

F§+1/2,j = {{Z3 }}iﬂ/z,jf‘;ﬂ/z,j,

1 1
F! = 2
i+1/2,5 (( —1{{z* }}2+1/2J 2
+ {{22}}i+1/2,jFi+1/2,j +{{= }}i+1/27jf?+1/27j T qF?“/M’

{(*)? + (23)2}}i+1/2,j> F}+1/2,j

f‘?—&-l/zj = {{25}}i+1/2,jf‘g+1/27j7
é%,jﬂ/z = {{Zl}}i?j+1/2{{23}}i7j+1/2a
é?,j+1/2 = {{22}}i,j+1/2éz‘1,j+1/27

{{Zl}}i,j-i-l/Q

G3J+1/z m + {{23}}i,j+1/2G},j+1/23

G L _1
g2 T (v — ){{24}}1 2 1/2 2
+ {{z2}}i,j+l/2Gi,j+1/2 + {7 }}i,j+1/2é?,j+1/2 + qé?,j+1/2>

{{(z*) + (23)2}}i,j+1/2> Gt

G?,jJrl/Z = {{25}}i,j+1/2ég,j+1/2'

Similar to the 1D case, this set of fluxes preserves both entropy and kinetic energy.

4.2. Dissipation matrix. Let f = E+ 2 = 1.2 4 5 1(u? +0?) +¢Y and ¢ =

\/7%5- The flux Jacobian A = dy F' of the 2D reactive Euler equations (Z.8) can be

computed as

0 1 0 0 0
0?4 e (3 —)u (1-vv =1 —(y—1)g

A= —Uuv v U 0 0
W+ v u—Hu H—(y-1u? —(y—Luv ~yu —(y—1)qu

—uY Y 0 0 U
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the eigenvalues of which are w, u, u,u+ ¢ and u — c¢. The left and right eigenvectors

of A can be computed as

(4.6)
1.2, 2
SRR G-NE (-D3
—v 0 1
La=| -85y (-DgY  (-1DEY
—1 w2402 1u —1 u 1 -1
e e T et v
—1 2402 1u —1 u 1 -1
TrtE e T dETa Tre
1 0 0 1 1
~ ~ U 0 0 wu+c u—c
RA—LZlZ v 1 0 v v B
s(w+0v?) v ¢ H+uc H-—uc
0 0 1 Y Y

which satisfy L4AR4 = diag(u, u, u,u + ¢, u — c).
The flux Jacobian B = 9yG is

0 0 1
—uv v u
B= 753112 + 212 (1-=9)u B—=v)
(w2 + 02w — Ho —(y—1luv H — (y—1)v?

—vY 0 Y
It can be diagonalized as

LgBRg = diag(v,v,v,v +¢,v —¢)

with
(4.7)
12,2
1-Gress (y-1E (-D3
—u 1 0
r —1 u?40? u v
Lg=| -5y (-1D&Y (-1)%Y -
—1 u?40? lv —1 u —1 0 1
TrET e Tr e et
-1 u?40? ) —1 u -1 1
TRyt T e
1 0 0 1 1
~ ~ U 1 0 U U
RB—L;: v 0 0 wv+ec v—c
s(w+0v?) uw ¢ H+4ve H-—wvc
0 0 1 Y Y

- —1
- 7021 q ’Yc’z
0 0

72221 _quggl
Yo b
0 0
0 0
y-1 —(v—1)q
o —(y=1qu
0 v
'y;l q'yczl
0 0

Y 1+¢%FY

c2

~y—1

2c2 —q 202
y—1 y—1
2c2 —q 2¢2
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It is direct to compute that

WEIFENG ZHAO

. o _ % 2
G2 = L ool = L3 nuuly! = diag(C, 77, 77),
1 Y2 _9Y
y—1p +2 P 0 29
C= Il) 0
Y 2
25 0 3

The 3 x 3 matrix C can be diagonalized as

C = Mdiag((y, (o, %)MT, where (1, (3 =

1/3y—2 2 1 3y—2 2\2 _ 2y : : : :
p(—2vf2 +Y%) + p\/(—2772 +Y?) ~~7 and M is a unitary matrix given by
¢Gip—2 Cap—2
V(Cip=2)2+4Y2  /(C2p—2)2+4Y2
M= 0 0
2Y 2Y
V(€p=2)2+4Y2  (/(C2p—2)2+4Y2
Then we have
1 1 1 T g1 0 g2
C 2 :Mdlag(—<7—c,\/§>M = 0 \/]3 0
1 2
92 0 g3
and
g1 0 g2 % %
ug1 0 ugs (u+to)y /&% (u—c)\/4%
RA:IQAG_lz vg1 VP vg2 v % v % s
Lw?+0%g1 +a92 vyp 3w +0%)g2+ags  (H+uc) & (H—uc) /4
92 0 93 Y % %
g1 0 g2 % %
ugl VP ugo u % u %
Rp = ﬁBG71 = vg1 0 vgo (v+c) % (v—c) % s
s +vhg1 +a92 uyp  F(F +vP)gatags  (H+wvo) /4L (H—ve) /&
92 0 g3 Y % Y %

which satisfy R4R% = Rp Rg = n{,,lj With R4 and Rp, the dissipation matrices
can be computed as for the 1D case (see subsection B.2]).

Having the two-point entropy preserving fluxes and dissipation matrices, we can
directly construct high-order entropy preserving/stable schemes in two dimensions.
The construction is the same as for the 1D case and we refer to e.g. [35] for the

details.

5. NUMERICAL RESULTS

This section is devoted to the validation of our entropy preserving/stable schemes
based on both the Tadmor flux and the KEP flux for 1D and 2D reactive Euler
equations. For simplicity, we only take £k = 3 and validate the sixth-order en-
tropy preserving scheme and the fifth-order entropy stable scheme with (fifth-order)
WENO reconstruction, which are referred to as EP6 and ES5, respectively. The
third-order implicit-explicit Runge-Kutta method in [I] is employed for the time
discretization. Four examples are used to demonstrate the designed accuracy of
all the schemes as well as the ability of entropy stable schemes for problems with
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ENTROPY STABLE SCHEMES FOR REACTIVE EULER EQUATIONS 753

discontinuities. In all the examples, the parameters of the reactive Euler equations
are chosen following [13][33]:

=12, q=50, T=50, K =2566.4.

Except for Example 2] periodic boundary conditions are employed to avoid the
effect of boundaries.

Example 1 (1D smooth problem). We first test the accuracy of our schemes
through a 1D smooth problem with exact solution

(5.1) p=1403sin(2r(x—t)), u=1, p=1, Y =0

in the domain [0,1]. We take the mesh size as Az = 1/20,1/40,1/80,1/160 and
set At = Az? and At = Az®/3 for the EP6 and ES5, respectively. The L' and L>®
errors at ¢t = 0.1 are listed in Table [l We observe that for both the Tadmor flux
and the KEP flux the designed sixth- and fifth-order convergence is obtained for
the EP6 and ES5 scheme, respectively. Additionally, the errors of the two fluxes
are very close and have the same values at the first decimal place.

TABLE 1. Error table for 1D smooth problem with exact solution (51])

Tadmor flux EP6
Az L' error order  L°° error  order
1/20 2.7360e-06 9.3507e-06
1/40 4.8079¢-08 5.8305 1.9061e-07 5.6164
1/80 7.7813e-10 5.9493 3.1416e-09 5.9230
1/160 1.2265e-11 5.9874 4.9729%e-11 5.9813
Tadmor flux ES5
Az LT error order  L°° error  order
1/20 2.0015e-04 4.3710e-04
1/40 2.5855e-05 2.9525 5.3814e-05 3.0219
1/80 1.5148e-06 4.0933 3.7037e-06 3.8610
1/160 1.6687e-08 6.5042 4.7931e-08 6.2719
KEP flux EP6
Az L' error order  L°° error  order
1/20 2.7362e-06 9.3508e-06
1/40 4.8077e-08 5.8306 1.9061e-07 5.6164
1/80 7.7812e-10 5.9492 3.1416e-09 5.9230
1/160 1.2266e-11 5.9873 4.9733e-11 5.9811
KEP flux EP5
Az L' error order L™ error
1/20 2.0148e-04 4.1394e-04
1/40 2.5574e-05 2.9778 5.3044e-05 2.9642
1/80 1.5086e-06 4.0834 3.7063e-06 3.8391
1/160 1.6687¢-08 6.4983 4.7875e-08 6.2746
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Example 2 (1D problem with discontinuities). In this test, we consider the Rie-
mann type initial conditions

~ [ (1,0,1,0) if £ <0,
(5.2) (pyu,p,Y) = { (0.125,0,0.1,0) if x > 0,

where the initial data of p, u, p are the same as those of Sod’s problem for the Euler
equations [29]. The computational domain is [—5, 5] and we take the mesh size as
Az = 1/16. The numerical solutions at ¢t = 2 with CFL=0.5 for the ES5 scheme
are plotted in Fig. [l It can be seen that the results of the Tadmor flux and the
KEP flux are almost the same and the discontinuities are well captured without
oscillations. As expected, the total numerical entropy >, 7(U;(t))Ax decreases
with respect to time; see Fig. 2l We also observe from Fig. [[lthat the reactant mass
fraction Y oscillates slightly and becomes negative around the contact discontinuity.
The magnitude of the oscillation is reduced under a smaller mesh size Az = 1/160
in our numerical experiments. These indicate that the present schemes do not
guarantee the positivity of Y. Enforcing both the positivity of solution and the ES
property will be our next target.

1 1.2
—Tadmor flux !
0.8
- - -KEP flux 08
0.6 0.6
QU 3
0.4
0.4
0.2
0.2 0 S
-0.2
-5 5 0 5
X
—4
x 10
1 6
4
0.8
2
0.6
Q, > 0 \
0.4 -2
-4
0.2
-6
-5 0 5 -5 0 5
X xr

FIGURE 1. Example 2: Computational results at t = 2 with Az = 1/16

Example 3 (2D smooth problem). In the following, we validate our schemes for
2D problems. As for the 1D case, we first test the accuracy with the exact solution

(5.3) p=1403sin2r(x+y—1t)), u=1, v=0, p=1, Y =0
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-0.62

~0.64 — Tadmor flux
o -=-=-KEP flux
7 -0.66
o
e
=
g -0.68

-0.7
-0.72
0 05 1 15 2

F1cURE 2. Example 2: Evolution of the total numerical entropy

in a square domain [0, 1] x [0,1]. The mesh sizes are Az = 1/20,1/40,1/80,1/160
and the time steps are At = Az?, Az5/3 for the EP6 and ES5, respectively. Table 2]
lists the errors at t = 0.01, from which designed convergence orders can be observed
for both the Tadmor flux and the KEP flux. Similar to the 1D case, the errors of
the two fluxes are also very close. These demonstrate the accuracy of our schemes
for 2D problems.

5
1t 1o
_5
0.5

0.025

0.02

0.015

0.01

0.005

FicUre 3. Example 4: Contours of different variables at t = 0.04
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TABLE 2. Error table for 2D smooth problem with exact solution (53))

Tadmor flux EP6
Az L' error order  L°° error  order
1/20 2.7913e-07 1.0150e-06
1/40 4.8688e-09 5.8412 1.9297e-08 5.7170
1/80 7.7978e-11 5.9643 3.1515e-10 5.9361
1/160 1.2275e-12  5.9893 4.9808e-12 5.9835
Tadmor flux EP5
Az L' error order  L°° error  order
1/20 8.4400e-05 2.5753e-04
1/40 9.2748e-06 3.1858 3.8804e-05 2.7305
1/80 4.1865e-07 4.4695 2.1626e-06 4.1654
1/160 8.9274e-09 5.5514 4.4572e-08 5.6005
KEP flux EP6
Az LT error order L° error  order
1/20 2.7914e-07 1.0150e-06
1/40 4.8686e-09 5.8414 1.9296e-08 5.7170
1/80 7.7978e-11 5.9643 3.1515e-10 5.9361
1/160 1.2275e-12 5.9892 4.9812e-12 5.9834
KEP flux EP5
Az L' error order  L°° error  order
1/20 8.5440e-05 3.3197e-04
1/40 8.8719¢-06 3.2676 3.0030e-05 3.4666
1/80 4.2291e-07 4.3908 2.2207e-06 3.7573
1/160 8.8464e-09 5.5791 4.6625e-08 5.5737

Example 4 (2D problem with discontinuities). In this example, we test our schemes
for a 2D problem containing discontinuities. The computational domain is [—1, 1] x
[—1,1] and the initial data is given by

_ [ (1,0,0,80,0.2),
(p,u,v,p,Y) = { (1,0,0,10,0.8),

which is taken from [39]. In the computation we employ the ES5 scheme with a
mesh size Az = 1/100 and CFL = 0.2. Again, the results of the Tadmor flux
and the KEP flux are very similar. The contour plots of p,u,p,Y at ¢ = 0.04
obtained with the Tadmor flux are given in Fig. B] and the solutions along the
horizontal line y = 0 are plotted in Fig. @l We see that the von Neumann spike
is clearly resolved. Additionally, as shown in Fig. [§] the total numerical entropy
> 1(Ui(t)) Az decreases with respect to time, supporting that our schemes are
entropy stable.

2?2 + y? < 0.36,

(5-4) otherwise,

6. CONCLUSIONS AND REMARKS

In this paper, we present entropy analysis and high-order ES finite difference
schemes for the reactive Euler equations in both one- and two-dimensions on a
Cartesian mesh. First, we show that the thermodynamic entropy is no longer
strictly convex for the reactive Euler equations. To address this issue, we propose
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FIGURE 4. Example 4: Solutions along the horizontal line y = 0

-58 —Tadmor flux

-60 ---KEP flux

FIGURE 5. Example 4: Evolution of the total numerical entropy

a strictly convex entropy function by adding an extra term to the thermodynamic
entropy. As a result, a new entropy-entropy flux pair is obtained. Thanks to the
strict convexity of the proposed entropy, the Roe-type dissipation operator in terms
of the entropy variables can be formulated [28]. Note that such dissipation operators
are not available based on the thermodynamic entropy, as it is not strictly convex.

Furthermore, we construct two sets of second-order EP fluxes by extending those
in [B,28] for the Euler equations within the framework of [31]. In particular, the
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EP fluxes extended from [5] are also KEP. With the EP fluxes and the Roe-type
dissipation operators, high-order EP/EC fluxes are derived following [17.[25], where
the sign-preserving ENO [16] and WENO [3] reconstructions are employed for the
high-order dissipation operators. Numerical experiments in 1D and 2D validate the
designed accuracy and good performance for smooth and discontinuous problems.
The entropy decrease of ES schemes is verified as well.

We would like to point out that for the reactive Euler equations as hyperbolic
balance laws, the strict convexity of entropy function is crucial for the global exis-
tence of solution [36]. The present strictly convex entropy may be helpful for the
theoretical analysis of the reactive Euler equations. On the other hand, we observe
that the proposed schemes do not guarantee the positivity of the reactant mass
fraction. This may be overcome with the positivity limiters in [37L38]. These will
be the topic of our work in the future.
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